We explicitly determine the elliptic K3 surfaces with a maximal singular fibre. If the characteristic of the ground field is different from 2, for each of the two possible maximal fibre types, I 19 and I * 14 , the surface is unique. In characteristic 2 the maximal fibre types are I 18 and I * 13 , and there exist two (resp. one) one-parameter families of such surfaces.
Introduction
The question of maximal singular fibres for elliptic surfaces has gained some interest recently. Shioda in [11] treated the case of elliptic K3 surfaces in characteristic 0 where the maximal fibres have type I 19 resp. I * 14 . Using the Artin invariant, the first author proved in [6] that these are also the maximal fibres in characteristic p > 0 if p is odd. Meanwhile in characteristic 2, types I 18 and I * 13 were shown to be maximal. Then we considered in [8] the maximal fibres of general elliptic surfaces over P 1 . We proved that in general the maximal fibres are strictly larger in positive characteristic than in characteristic zero. Moreover, we also derived partial uniqueness results.
In this paper, we want to prove the uniqueness in the K3 case, thus answering a question of Shioda:
Theorem 1
Let p = 2 and k an algebraically closed field of characteristic p. Then there are unique elliptic K3 surfaces over k with singular fibre I 19 resp. I *
.
For both fibre types we have an obvious candidate at hand -the mod p reduction of the corresponding elliptic K3 surface over Q (cf. [11] , [9] ). This approach only fails if p = 2; in this case we will determine the families of elliptic K3 surfaces which realise the respective maximal fibres I 18 and I We note that the K3 case is special not only in the sense that the maximal fibres from characteristic zero hold. Even over Q, the uniqueness breaks down as soon as we consider honestly elliptic surfaces, i.e. with Euler number e ≥ 36 (cf. [12] ).
For characteristic different from 2 and 3 the result on maximality and uniqueness can be reformulated in the following elementary way. Proof: If there is no polynomial a with a 4 |f and a 6 |g, then the equation
defines an elliptic K3 surface with discriminant ∆ = −108(f 3 − g 2 ). The fibre at ∞ has type I n if M = 4, and I * n if M = 3, with n = 6M − deg(∆). Hence the claim follows from Thm. 1. On the other hand, if there is a polynomial a with a 2 |f and a 3 |g, then a 6 |(f 3 − g 2 ). In particular, deg(f
For more information on the degree of f 3 − g 2 (for general M ) and its connection with elliptic surfaces see [14] and [12] for characteristic 0 and [8] for positive characteristic.
Indeed, one can try to prove the uniqueness of the K3 surfaces in characteristic p ≥ 5 by spelling out the equation deg(f 3 − g 2 ) = M + 1 and solving for the coefficients of f and g. In Sections 3 and 4 we will use a different Weierstrass equation that makes the calculations much less involved and that works in characteristic 3 as well. For characteristic 2 a somewhat more structural approach applies, based on results by the second author in [10] . Here we also make use of a classification of wild ramification of singular fibres. Although this might be known to the experts, we could not find a reference for it, so we include it in Section 5 (Prop. 16).
The configurations in odd characteristic
The following result will be useful throughout the paper. Proof: Since p = 2, the j-invariant has a pole of order 14, so S is non-isotrivial. Moreover, S is separable, since p = 2, 7. The degree of the conductor of S is at most 6. Actually, it has to be exactly 6, since otherwise by the bound of Pesenti-Szpiro the surface would be rational.
So if the fibres outside I * 14 are all multiplicative, the configuration must be as stated. To finish the proof, it suffices to show that there is no additive fibre outside I *
.
Assume on the contrary that there is another additive fibre. Then we can apply a quadratic twist that ramifies exactly at that fibre and at I Proof: If the surface is separable, then by the same proof as for Lemma 6 the configuration must be [19, 1, 1, 1, 1, 1]. The j-invariant of this surface gives a map of degree 24 from P 1 to P 1 . By the Hurwitz formula we obtain
where D is the different. The points above 0 have ramification indices that are divisible by 3, so they contribute at least 8(3 − 1) = 16 to the degree of the different. Similarly the points above 1 contribute at least 12(2 − 1) = 12. Finally the j-invariant has a pole of order 19 which, since the ramification is wild, contributes at least 19. Summing up we obtain a contradiction.
We have seen that the surface is inseparable. 
Frobenius base change gives the claimed equation after minimalising. 
which is exactly the surface from [11, Thm. 3.2] .
3 Fibre I * 14 in characteristic = 2
In this section, we prove Thm. 1 for the maximal fibre type I * 14 . In characteristic zero, the uniqueness was proven in [14] .
Let k be an algebraically closed field of characteristic different from 2. Let S be an elliptic K3 surface over k with a section. By assumption, we can work with an extended Weierstrass form
In this setting, the discriminant is given by
Note that we have four normalisations available: Möbius transformation in T (e.g. to fix the cusps) and rescaling by X → α 2 X, Y → α 3 Y . In the following, we will use these normalisations in a convenient way.
Proposition 9
There is a unique elliptic K3-surface over k with a fibre I *
. Its equation can be given as
This surface has discriminant ∆ = 4T 4 + 13T 2 + 32.
Proof: Assume that S has a fibre of type I * 14 . We locate the cusp of the special fibre at ∞. If the fibre type is I * n with n ≥ 8, then we can assume after a translation X → X + α(T ) that
Here a 3 = 0, since otherwise S would be rational. Hence we can scale such that a 3 = 1. By construction, ∆ has degree at most 10:
We ask for all solutions to the system of equations
In the first instance, By a translation in T , we achieve b 1 = 0. This uses up our final normalisation. In consequence,
give a 1 and a 0 . It follows that
The two choices of b 0 give rise to isomorphic elliptic curves. To see this, apply the scaling
We obtain a one dimensional family parametrising elliptic K3 surfaces with a fibre of type at least I * 13 :
This family has discriminant
Hence there is a unique specialisation with a fibre of type I * 14 at µ = 0. This gives the claimed equation and discriminant for S in any characteristic p = 2.
2 [7, 1, 1, III] , if p = 7, and [7, II, III] , if p = 7.
Remark 10 It is immediate from the shape of A, B, C, that S arises from a rational elliptic surface by quadratic base change and twisting. It follows that this fibration is uniquely determined by its configuration of singular fibres. The configuration is

Remark 11
The model in Prop. 9 relates to the Weierstrass equation in [11] In this section, we sketch the proof of Thm. 1 for the maximal fibre type I 19 in characteristics p = 2. In characteristic zero, this was again included in [14] .
We employ the same approach and notation as in Sect. 3. In particular, the proof first determines the elliptic K3 surfaces with a fibre of type I 18 and then specialises. Since the proof heavily relies on the help of a machine to factor polynomials, we omit some of the details. They can be obtained from the authors upon request.
Proposition 13
The elliptic K3-surface over k with a fibre I 19 is unique. Its equation can be given as
This surface has discriminant ∆ = 4T
Proof: Let S be an elliptic K3 surface with a fibre of type I 19 . Let S be given in extended Weierstrass equation (1) . Locating the cusp of the special fibre at ∞, we can assume that
Since the special fibre is multiplicative, a 4 = 0. Hence we can scale such that a 4 = 1. In this setting, ∆ has degree at most 14:
We ask for the solutions to the system of equations
In the first instance, we shall ignore d 6 , thus investigating the special fibre type I 18 . The vanishing of the polynomials d 14 , d 13 , d 12 determines c 2 , c 1 , c 0 . Then
so we have to distinguish whether b 3 = 0. Then we normalise by a translation in T to assume a 3 = 0. We obtain the following family of elliptic K3 surfaces with a fibre of type I 18 :
There are several notable properties of this family:
• It arises from the (unique) rational elliptic surface a fibre of type I 9 ,
by the family of quadratic base changes
To see this, apply the variable change
2 )X + 1 2 to eq. (4). In particular, every member has two 3-torsion sections (0, ± 1 2 ).
• There is no specialisation with a fibre of type I 19 . Another way to deduce this is to consider the discriminant
• It has a model with good reduction at 2: Instead of the base change T → 2T 2 +a 2 simply apply a base change which is equivalent up to Möbius transformation, e.g. T → T 2 + λT .
2nd case: b 3 = 0: In this case, the vanishing of d 11 and d 10 determines a 1 and a 0 . In consequence,
The coefficient h of b 0 does not vanish because otherwise d 9 = 
This factorisation provides us with a 2 . At this point, we want to analyse the vanishing of d 8 independently from d 6 . The numerator of d 8 is a complicated polynomial. We shall sketch two ways to solve it. The first normalisation is ad-hoc, while the second will use some extra knowledge.
The first normalisation consists in a linear transformation in T such that a 3 = 1,
(This is possible unless char(k) = 3 and b 2 = 0. In this special case, we find five single solutions to d 8 which are not roots of d 6 .) Then the numerator of d 8 is a polynomial of degree 12 in b 2 , b 3 . Since every summand has degree at least 10, this polynomial has degree 2 in the homogenising variable. Hence it can be solved explicitly. We obtain a one-dimensional rational parametrisation of elliptic K3 surfaces with I 18 fibres. The general surface has no non-trivial sections.
The second solution is much more efficient. It was motivated by a private correspondance with N. Elkies who kindly informed us about an explicit 1-parameter family of elliptic K3 surfaces with an I 18 fibre and generically trivial group of section which he had found independently. We therefore decided to choose the normalisation in such a way that it would meet his example after a change of variables.
Claim: For any solution, there are two linear transformations T → αT + β such that after rescaling:
Proof: We rescale by X, Y to meet our first normalisation a 4 = 1. Then the linear transformation results in the new coefficients
The first requirement
with the polynomial h as in (6) . By assumption, h = 0, so the claim follows. 2
Applying one of the above linear transformations to our elliptic surface, we obtain
It is easily checked that both solutions are identified under the scaling T → −T, a 3 → −a 3 (which exchanges the two choices of α). Setting b 3 = 2λ, a 3 = 2 − λ, we obtain the second family of elliptic K3 surfaces with a fibre of type I 18 :
This has discriminant
Hence the elliptic K3 surface with a fibre of type I 19 is uniquely obtained as the specialisation at λ = 1. This gives the claimed equation and discriminant. 2
Remark 14
To relate the models in Prop. 13 and in [11] , we go through the twist in [9] . 
Wild ramification of singular fibres
In the absence of wild ramification, the j-invariant gives us complete control of the singular fibres of an elliptic surface (cf. [13, Table 4 .1]). Although there are papers investigating the case of wild ramification in wide generality (e.g. [4] ), it seems that there is no reference which gives explicit lower bounds for the index of wild ramification. For convenience and future reference, we decided to include such a list.
Proposition 16
Let E be an elliptic curve over a complete valuation ring R of residue characteristic p = 2 or 3. Let π denote a uniformizer of R. Let w denote the index of wild ramification the special fibre of E at π. Depending on the reduction type, the following table lists whether we always have w = 0 or gives a sharp lower bound for w:
The examples in [1] show that even over a field like F q (T ) there is in general no upper bound on the index of wild ramification of a wild fibre. This is in contrast with the situation over p-adic fields or number fields. (Compare [13, Theorem 10.4].)
Corollary 17
In the notation of Prop. 16 , let the special fibre at π be additive. Then the vanishing order of the discriminant ∆ at π satisfies
Prop. 16 is easily verified with Tate's algorithm [16] . Here we shall only give the proofs for the three cases which we will need in this paper: fibre types II, III and I * n in characteristic 2. We work with the general Weierstrass equation
In characteristic 2, the discriminant reads ∆ = a 
The sharpness of the given bounds follows immediately from the proofs. Fibre type I * n with n > 0 requires that after a change of coordinates π 3 |a 4 , but π 2 ∤ a 2 . More precisely, the integer n is determined by the conditions that after further coordinate changes
Proof of
Here || denotes exact divisibility. If n = 1, we deduce from the a 4 3 in (8) the possibility that π 8 ||∆. To prove the general claim, we shall use two-step induction: To start the induction, we need that for n = 2, the a priori lowest order term in (8) is a (8), so π 11 |∆. To complete the induction, we note that n → n + 2 increases the π-divisibility of every summand in (8) by at least two by inspection of (9), (10) . Hence w ≥ 2 if n ≥ 2. 2
An elliptic curve over a field K of characteristic 2 with j(E) = 0 can be given in normal form
Note, however, that this form in general is not integral or minimal. A twist replaces the coefficient a 2 by a 2 + D while preserving j(E). Such a twist is trivial (i.e. the two curves are isomorphic over K) if D is of the form β 2 + β with β ∈ K. If a 2 = 0, the above normal form has multiplicative fibres at all poles of j(E).
In characteristic 2 a fibre I * ν does not imply that the j-invariant has a pole at the corresponding place. Actually, every twist with sufficiently wild ramification will produce a fibre of type I * ν . We describe this locally.
Lemma 18
Let k be an algebraically closed field of characteristic 2. Consider the elliptic curve
If d > e then E has a special fibre I * ν with
and index of wild ramification ω = 4d − 2. In [6] , it was shown that there is no elliptic K3 surface with a fibre of type I * 14 . It was immediate from the proof that the surfaces with a fibre of type I * 13 come in a family. In the notation of [6] , this family was determined by the choice c = √ e. To correct a typographical error in [6] , we note that this is the exact case when v 0 (∆) = 21.
In this section we shall reprove this result. The motivation to do so is twofold: Firstly, we use an argument which is structural and does not require assistance by a machine. Furthermore, we will directly obtain the explicit equation of the family.
We now recall some results from [10] that are helpful for our classification purposes in characteristic 2. The setup is an algebraically closed field k of characteristic 2 and an elliptic curve E over k(T ) which is Frobenius-minimal (i.e. j(E) is separable).
Note that the places of supersingular reduction of E are exactly the zeroes of j(E) that are places of good reduction.
Lemma 19 ([10, Lem. 2.4 (a)])
Let char(k) = 2 and E be Frobenius-minimal with j(E) ∈ k. Let β i denote the finite places of bad reduction of E and
If ϑ is a finite place of supersingular reduction of E, expand G(T ) = γ i (T − ϑ) i . Let c G denote be the smallest index i with 4 ∤ i and γ i = 0. Then v ϑ (j(E)) = 12e for some e ∈ N with (T − ϑ) 3e−1 |H ′ (T ) and 3e ≤ c G .
Now we are ready to prove our first main result in characteristic 2.
Proposition 20
In characteristic 2, any elliptic K3-surface with a fibre I * 13 occurs in the following family:
All these surfaces have ∆ = T 3 + 1 and j =
Proof: We locate the special fibre at ∞. By Prop. 16, v ∞ (∆) ≥ 21. Hence it follows from Cor. 17 that all other singular fibres are multiplicative.
In contrast to other characteristics we have to investigate the possibility j(E) = 0. In that case we move the maximal fibre to 0 and have a model
As already explained in [6] , the Tate algorithm then shows that m ≤ 9 for fibres I * m (under the condition that we have a K3 surface). Hence j(E) = 0, and since the fibre at ∞ is additive, there is at most one finite supersingular place.
If there is no finite supersingular place (i.e. j(E) = 1 ∆(T ) ), then Tate's algorithm [16] for the integral model of the twisted normal form (11)
shows that the fibre at ∞ can maximally have type I * 12 . (This was the case a 1 = t 2 in [6] , where the maximal fibre had been placed at 0.) Otherwise, we locate the finite supersingular place at T = 0 by a Möbius transformation. It follows from Lem. 19 that either v ∞ (∆) = 21 with three distinct affine roots or the surface is not Frobenius-minimal. In the latter case, we have j(E) = We now consider the first case, v ∞ (∆) = 21. By Lem. 19, we obtain
with ε, c ∈ k * . Rescaling, we achieve c = 1. The "untwisted" form
has fibres I 9 at ∞, I 1 at the third roots of unity, and also a singular fibre at 0. Since in characteristic 2 every twist can be build from twists that ramify at only one place, we can change the fibres at 0 and at ∞ individually. First we apply a twist that makes the fibre at 0 smooth. In [10, Proposition 5.1] it was shown that this is only possible with ε = 1 and the following twist
In other words, our K3 surface with fibre I * 13 must be a twist of the extremal elliptic surface (5) , which has configuration [9,1,1,1]. Now we apply a twist that ramifies only at ∞. Lemma 18 tells us that we will get a fibre I * 13 at ∞ if and only if this twist is
The corresponding integral model can be minimalised after the translation X → X + T, Y → Y + 1. This gives the claimed equation. 7 Type I 18 in characteristic 2
In [6] , it was shown that a fibre of type I 19 is impossible for an elliptic K3 surface S in characteristic 2. We briefly sketch how this can be proven purely in terms of Lem. 19:
Assume that S has a fibre of type I 19 at ∞. Hence S is separable, and ∆ has degree five. We first consider the case with an additive fibre, which we place at 0. Then, by is [19,1,1,1,1,1] , which also follows directly from Thm. 3). Normalise so that ϑ 1 = 0, ϑ 2 = 1. Then ∆(T ) = εH(T ), where by Lem. 19
We apply the criterion with the index c G from Lem. 19: At ϑ 1 , it gives c = 0. But then the expansion of H(T ) at ϑ 2 is
so the criterion gives a contradiction. Hence there is no elliptic K3 surface in characteristic 2 with a fibre of type I 19 .
We shall now study the next case of fibre type I 18 . In Section 4, we have exhibited two families of elliptic surfaces over Q with such a fibre. For the surface in (4), we already saw that it has good reduction at 2. In this section, we will prove that also the second family reduces nicely mod 2 (Rem. 23), and that any elliptic K3 surface in characteristic 2 with a fibre of type I 18 is a member of one of these families (cf. Prop. 22). We first determine the possible configurations: Proof: We locate the fibre I 18 at ∞. Then ∆ must have degree 6. Corollary 17 shows that there is at most one additive fibre.
We first assume that there is an additive fibre and locate it at 0. Hence T |a 1 . Since T 4 |∆ there are at most two more singular fibres. We claim that 0 is the only zero of j(S). This can be seen as follows. If S is separable, then the polynomial H(T ) has degree at most 2. If S is inseparable, then it is the Frobenius base change of a separable elliptic surface with one fibre I 9 at ∞, one additive fibre at 0, and possibly one fibre I 1 . Again the polynomial H(T ) for this surface has degree at most 2. In either case there cannot be a zero of j(E) at a good place by Lemma 19. This is equivalent to the claim. So in the minimal model of S
we can assume a 1 = T 2 . From the discriminant ∆ = a we see that T must divide a 3 . Hence ∆ is congruent to a If S is separable, the conductor must have degree at least 6 by Theorem 3. Hence the configuration can only be [18,1,1,1,1,1,1] or [18,2,1,1,1,1] . But for the second configuration, deg H(T ) = 4, so Lemma 19 would imply the contradiction deg(a 1 ) ≤ 1.
2
Proposition 22
Separable elliptic K3 surface in characteristic 2 with a fibre of type I 18 come in two families:
with ∆ = r 3 (T 6 + T 5 + T 3 + T + 1 + r). This family is obtained from the extremal elliptic surface (5) by a family of quadratic base changes.
with ∆ = r 3 (
Proof: Locating the special fibre at ∞ and applying Lem. 19 we obtain
We claim that a = 0. To prove this, assume on the contrary a = 0, so deg H ′ ≤ 2. It follows from Lem. 19 that there is at most one finite supersingular place, and that this place has multiplicity 1 in terms of a 1 . Hence the elliptic surface is either rational (deg a 1 = 1), or the fibre at ∞ has additive type. This gives a contradiction. Note that the variable change T → T + 1 preserves A(T ) and the shape of H(T ):
The surface
has multiplicative fibres at all poles of the j-invariant
εH(T ) as desired, but it also has singular fibres at the zeroes of A(T ). To make these fibres smooth we apply a twist that only ramifies at ̺ and ̺ 2 . By Lemma 18 this twist can only be of the form
We now consider the following integral model of S:
Here, after a variable change Y → Y + A(T )α(T )X, it suffices to allow the following twisting polynomials:
We require that the integral model (14) is not minimal at the supersingular places. We pursue these issues simultaneously: For the first variable change, we introduce new parameters λ 2 = ε(b + f + 1), µ 2 = εb.
Then we transform Y → Y + µT + λ to obtain Here we have to rule out fibre type I * n at the supersingular places. In other words, the following two polynomials must have a triple zero each:
We distinguish whether these polynomials are equal or not:
P (Z) = Q(Z) : Denoting the triple root by r, we obtain
Hence the variable change X → rA(T ) gives
For the next transformation, we let u
The final step for non-minimality requires that A(T ) 6 divides the coefficient of the constant term. Since this has only degree 11, it has to be zero:
After minimalising, we obtain the family (12) .
